In this work we are proposing a trading system where fuzzy logic is applied not only for defining the trading rules, but also for managing the capital to invest. In fact, two fuzzy decision support systems are developed.
INTRODUCTION
In finance, the Efficient Market Hypothesis (EMH) states that financial markets are "informationally efficient". That is, existing share prices always incorporate and reflect all relevant information. In consequence, it is impossible for investors to either purchase undervalued stocks or sell stocks for inflated prices.
The only way an investor can possibly obtain higher returns is by purchasing riskier investments. In other words, the time series of the returns from speculative assets are "unforecastable". Some authors have studied in depth the implications of the EMH and offer guidance about the kind of forecasting approaches that may work even in financial markets. 1 However, they acknowledge that new financial prediction methods are expected to offer only short-lived profits, because once these methods become more widely used, their information may get incorporated into prices and they will cease to be successful. This frustrating perspective has not discouraged researchers and practitioners from seeking for a "money machine", even if it is expected to have a short life span.
In the literature mixed evidence on the profitability of the technical trading rules can be found. In Ref.
2 and 3 showed that technical trading rules are profitable. Gençay 4 also approved that a more sophisticated approach that combines nonparametric models with technical strategies provided significant profits when tested against Buy & Hold strategies. More recently, Vasileiou 5 proved how even the simplest trading rules could take advantage of the market's inefficiency and lead to profitable trading decisions. On the other hand, it seems that trading rules are not so profitable since 1986 due to their widespread use once their initial success. 6 Bajgrowicz and Scaillet 7 revisited the apparent historical success of technical trading rules on daily prices of the Dow Jones Industrial Average index from 1897 to 2011. They showed that an investor would never have been able to select the future best-performing rules and concluded that their results seriously call into question the economic value of technical trading rules that has been reported for early periods. As it can be seen, the debate on the profitability of the simplest strategies is still open.
The rise of soft computing methods in the last few decades have also led to the exploration of more sophisticated approaches for the prediction of stock markets. As a result, intelligent proposals such as optimization by genetic algorithms, 8, 9 nonlinear models based on neural networks, 10, 11 fuzzy logic, 12, 13 etc., have become popular tools amongst quantitative traders. Atsalakis and Valavanis 14 surveyed more than 100 related published articles that focus on neural and neuro-fuzzy techniques derived and applied to forecast stock markets. Through the surveyed papers, they showed that soft computing techniques are widely accepted to studying and evaluating stock market behavior. Similarly Krollner et al. 15 presented a survey of the recent literature on machine learning techniques and artificial intelligence used to forecast stock market movements.
Some approaches combine different Soft Computing methodologies, leading to even more sophisticated hybrid methods that aim to predict the markets. For example, an intelligent decision-making model to generate one-step forward investment decisions for stock markets was developed by the application of fuzzy neural networks and swarm intelligence. 16 Particle Swarm Optimization algorithm was applied to select the best neural network for the future investment decisions. In a similar way Bagheri et al. 17 20 proposed a stock market timing system integrating a genetic algorithm with a fuzzy expert system.
Genetic algorithm is used to optimize the selection of the fuzzy trading rules and the weights of these rules.
In this line, Kuo et al. 21 incorporated not only the technical indexes (quantitative factors) but also qualitative factors (i.e., knowledge of stock market experts) in a fuzzy neural network based on genetic algorithms to develop the knowledge base of the fuzzy inference rules that can measure the qualitative effect on the market. The references in this article are only a small sample of the literature on predicting stock markets, using Soft Computing methods.
However, forecasting the market behavior (including value, direction, volatility or signals for enter and exit trades) is only one aspect of a trading system. Trading systems are mainly decision support systems that transform forecasts into buy/sell orders to exploit the "pockets of predictability" in financial markets.
These decision support systems, according to Chande, 22 consist of three main functions, namely: i) Rules to enter and exit trades; ii) Risk control, and iii) Money management. It is surprising to find far fewer applications of soft computing methods dedicated to ii) and iii). Risk control is the strategy that can be used to protect the trading operations. The simplest strategies are Stop-Loss and Take-Profit orders, which are usually adjusted according to the market's volatility. Another important aspect of trading systems is that they should manage capital in an efficient way. Different strategies are used by technical traders to determine the appropriate amount of money to invest each time: the Kelly criterion, 23,24 the optimal-F 25 and the fixed-ratio. 26 This paper attempts to show how a given technical trading system can be enhanced with the help of fuzzy logic on both aspects, the definition of the trading rules and the money management. Fuzzy logic trading systems are easy to comprehend and modify, what benefits them against hybrid approaches that are often too cumbersome for traders.
The use of fuzzy logic in trading rules has been successfully explored in some works, to represent the inherent uncertainty of trading signals and to incorporate the expertise of the trader in the system. However, its use in money management is a less beaten track. But in capital management, fuzzy logic enables a more conservative decision than recommendations to buy or sell which invest all available funds in one position.
On this point, our work is similar to the one by Gradojevic and Gençay, 27 in the sense that our fuzzy trading system addresses the dual purpose of market timing (''when to trade'') and order size (''how much to trade'').
Regarding 30 created their own fuzzy indicator that uses as inputs the risk aversion of the investor and market information such as the profitability and volatility of the stock prices, while the outputs are the buy and sell signals.
We present herein an adaptation of a market strategy to the fuzzy context and investigate the role of fuzzy logic in a trading system. Both the trading rules and the technical indicators are based on the fuzzy approach. The output of the decision system is also a fuzzy variable that represents the uncertainty of the prediction that characterizes the buy-sell signals. The proposed intelligent decision system provides a conservative risk management strategy using stop-loss and stop-profit orders, but it also includes a fuzzy estimation of the amount to be invested based on the optimal-F formula. 25 Finally, our fuzzy trading system has been compared to two versions of the same trading system, one semi-fuzzy and one non-fuzzy, and to the Buy & Hold strategy, which is a standard benchmark in the literature, see for example. 19, 20, 27 The results obtained are promising in terms of profitability. It also shows how to apply fuzzy logic in trading systems in a simple but yet effective way.
The remainder of this paper is organized as follows: In section 2 the trading system is explained and the fuzzy indicators are detailed, including the new proposed in this paper. Section 3 focuses on classical and fuzzy money management techniques implemented in our decision system. Section 4 presents the experimental set up and compares and discusses the results obtained by the fuzzy and analytic methods. Section 5 concludes the paper and suggests some possible future work.
TRADING SYSTEM
In this section, the main components of the intelligent trading system developed are described. First we consider a system based on a classical strategy, as it would be used by a technical trader. Then we proposed two fuzzy versions of the trading process; on of the rules and the other one which includes capital management. The trading system is based on the use of two known technical indicators and a third one proposed by us.
Technical Indicators
The field of technical analysis dates back to the early twentieth century when Charles Dow wrote a series of articles describing systematic phenomena in the stock markets. Since then many types of indicators have been proposed, see for instance. 28, 31 The most popular ones are the moving averages, but also more sophisticated indicators are widely used by technical traders.
In our case we used a set of three technical indicators. Two of them are well known RSI (Relative Strength Index) and ADX (Average Directional Movement Index); the first is a momentum oscillator that accounts the increase or fall in price, while the second one represents trend strength. The third is a new custom indicator that produces short and long entry signals. It is based on the crossing of two moving averages of different size with a MACD (Moving Average Convergence Divergence) filter. The moving average crossing is expected to detect changes in the current trend of the prices time series, while the MACD is expected to indicate subtle shifts in the strength and direction of a trend. They are described below.
RSI -Relative Strength Index
Relative Strength Index (RSI) is a well known technical indicator proposed by Wilder 31 that represents the momentum of a financial time series. Momentum is the rate of the price increment or falling. Its value ranges between 0 and 100. RSI at time is defined as follows:
where RS is the relative strength of the last sessions and it is defined as:
where _ ( ) and _ ( ) are the average of the profits or losses, respectively, obtained in the last sessions. That is, from time to time − ( − 1). However, these values are usually estimated using the following smoothing equations:
Average_loss t (n) = 
ADX -Average Directional Movement Index
Average Directional Movement (ADX) measures the strength of a trend and if there is movement in the market
31
. This indicator is calculated as follows:
The so called Positive Directional Indicator (DI+) and the Negative Directional Indicator (DI) are given by:
where + and − are the Plus and Minus Directional Movement, respectively, and TR is the True Range value calculated in the period under consideration. The + determines the strength of the bullish movement using this rule:
where ℎ ℎ and are the highest and lowest values in session , respectively.
In the same way, − determines the strength of the bearish movement using this rule:
The definition of the TR is shown in equation (21) . It is easy to see that the TR has no effect on ADX (5) as it is present in both the numerator and denominator. However, we have reported the ADX definition as it appears in most trading books.
The ADX ranges between 0 and 100. For values less than 20 it is assumed that the asset analyzed follows a lateral movement. But if ADX is greater than 20, it may be considered that there is a trend in the time series. Values greater than 40 are usually associated with a strong trend. ADX is non-directional so it quantifies the trend strength regardless it is up or down.
MyMACD -My Moving Average Convergence Divergence
My Moving Average Convergence Divergence (MyMACD) is a new custom indicator proposed in this work. On the one hand, the MACD indicator is based on the crosses of two exponential moving averages (EMA), one fast (short period) and another one slow (long period). This indicator is expected to detect changes in the trend of the prices 32 and is usually applied as entry signal for short and long positions. It is a trend-following momentum indicator. We have used the information provided by this technical indicator to create rules that will help to analyze the performance of values confirming a trend. This avoids typical too-sensitive behavior of the moving average crossovers so we can avoid false market entries as far as possible.
The MACD indicator is based on three time series calculated from historical price data. The first time series is the MACD which is estimated at time t as,
where m < n and 
In this expression is the current value of the time series . As it can be seen in Equation (10), the MACD indicator is the difference between two Mas: the slow one, ( , ), and the fast one,
.
In addition, the MACD indicator uses the Signal time series which is defined at time t as:
where ( , ) is the exponential smoothing average of periods of the MACD. The Exponential
Moving Average of p periods at time for the time series is defined as follows:
The smoothing factor is = 2/(1 + ), is the current value of the time series , and
is the previous value of the exponential moving average.
Finally, the MACD indicator uses the divergence time series,
The values of , and are usually 12, 26, and 9 days, respectively.
Our MyMACD indicator checks two conditions to determine whether is convenient to enter the market with a long or a short position. If none of them is met then the order "no entry" is suggested. The condition for the long entry is,
While the condition for the short entry is:
If any of the conditions is met, then we estimate the strength of the signal by,
where open t is the open value in session t. The reference value Q is 25 if the condition met is the short one, Q = 75 if the long one condition is met, and the strength is 50 if none of the conditions is true.
The output of Equation (17) can be interpreted as follows. The lower the value of Q (less than 25), the stronger the long entry signal. On the contrary, the higher the value (greater than 75), the stronger the short entry signal. A value around 50 shows a neutral tendency.
The reason of using SMAs instead of EMAs is the fact that EMAs may provide false entries to the market because of its speed and its ability to represent the most recent price movements. Therefore, SMA is expected to offer a more conservative view than EMAs.
Entry Rules
The proposed trading system is based on a set of rules that combines the RSI, ADX and MyMACD indicators to generate two output signals, Bullish and Bearish, which are responsible for entering the market. The bullish output indicates that prices are expected to rise high, and therefore, it is suggested to enter the market with a long position. Moreover, the bearish output indicates the prices will drop and then it suggests entering the market with a short position.
In this article we will compare the classic (crisp) version of the trading system with its fuzzy counterpart. The conventional one is based on analytic rules, while the second uses fuzzy rules with the information given by the fuzzification of the indicators. They are described below.
Rules of the classic trading strategy
This classical trading system is based on a set of fixed rules. Tables I (bullish) and 
Fuzzy trading rules
Fuzzy logic, by its very nature, tolerates uncertainty in decision making. 33 In a trading system it can be used to describe the output of technical indicators and trading signals by imprecise linguistic terms.
Thus, a trader is able to create a trading system that best represents the expert's belief on market behaviour and that produces a "continuous" output decision using imprecise inputs.
In our system, technical indicators and output conditions have been fuzzified as shown in Figure 1 . Following the experience and expertise of a trader, the following set of if-then rules has been defined (Table III) . The rules have two consequents (bullish and bearish), with fuzzy outputs: WEAK, meaning the system should not enter the market; STRONG and VERYSTRONG, which suggest entering the market with different strength level. 34 with operators based on the maximum (or) and minimum (and) is used.
The defuzzification is carried out by the centroid method.
Exit Conditions
For both classic and fuzzy trading systems the same exit conditions (stop-loss and stop-profit) are set up. If the system indicates an entry into the market, a protective stop threshold is established. If it is exceeded, market exit takes place. Thus the maximum losses for each trade are limited and will be used for the calculation of capital to invest. Similarly, an income threshold (stop-profit) to determine the market exit is established, but now this exit is due to the fact that it is expected to have exceeded revenues. This will ensure prudential profits avoiding the market taking an unexpected turn.
Both thresholds are estimated according to the price volatility at the moment of the operation. The ATR (Average True Range) of m sessions will be used as volatility indicator. The average of the TR (True Range) is defined as follows:
where m is obtained by applying an optimization technique, in our case genetic algorithms. The value of is the highest price in session ; is the lowest price in session , and −1 is the close value of the previous session, i.e., − 1.
In our system, the stop-loss is the price of market entry minus twice the value of ATR of m sessions.
The stop-profit will be the price of market entry plus 1.5 times the ATR of m sessions.
MONEY MANAGEMENT
So far we have presented the fuzzy trading system with a simple risk management strategy. Now we will use the output of the fuzzy trading rules to make a decision on the money to invest. More precisely, we will use a modification of the optimal-F that uses as input the fuzzy output of the intelligent trading system.
The optimal-F, proposed by Vince, 25 provides a way to calculate the exact amount to invest in order to produce a geometric growth of profits. It is based on the result of previous trades, increasing the percentage to invest when the winning trades are frequent, and decreasing it when losing trades appear.
The result is a percentage to be applied to the capital available for investment. The optimal-F is calculated finding the fraction (f) that maximizes the Terminal Wealth Relative (TWR) value:
where ( ) is the holding Period Return, which is the return factor for each operation given by:
and is the result of trade I. _ is usually the absolute value of the worst trade result so far.
However, the theoretically optimal value of f is seldom used because it is considered too risky. Therefore, it is the so called liquid-F (or fractional-F) what is applied. This fractional-F is generally 10% of the optimal-F. Figure 2 represents the gain curve against the risk assumed. It is possible to observe that the optimal-F is close to the highest point of the Gaussian curve. Nevertheless, the liquid-F, 10% of the later, is located on the left side (less risk, less profit).
Figure 2.
Representation of the optimal-F, result-F and liquid-F.
In our fuzzy trading system, the capital investment will be an amount in that range and it will be estimated as:
where is the optimal-F value; is Bullish or Bearish; ℎ ℎ is the minimum output value of the system that fires the entry (in this case this value is 15); is the range between the optimal-F and the liquid-F which is 0.9 (90%), because the liquid-F is 0.1 (10%);
is the range of the system output, which is 85 -the maximum is 100 and the minimum is 15, as mentioned above-.
Once the optimal-F has been obtained, we have to estimate the number of shares:
where is the available money to be invested and − is the value used as market exit condition. It is important to take into account that the above formula (25) does consider the share price. In case of not having enough capital to purchase the estimated number of shares, the maximum possible number of shares will be acquired, even if it is less than expected.
EXPERIMENTAL SET UP
In this section we are going to show and compare the performance of three trading systems. They have been implemented using the Ninja Trader software (NT). The systems are: -Fuzzy IC: a fuzzy trading where fuzzy information is used for both, the rules and indicators, see Section 2.2.2, and for capital management, see Equations (24) and (25).
Fuzzy I: an intelligent trading system where fuzzy logic is applied to rules and technical indicators but the capital to invest is estimated using the liquid-F (10% of the optimal-F).
Classical: the trading system does not incorporate fuzzy logic neither in the indicators nor in managing the capital. It uses the classic trading rules described in Section 2.2.1 and all the available capital is invested each time.
In addition, the strategy Buy & Hold (B&H) is used as a benchmark, as it is usually done in this field. 19, 20, 27 B&H is an investment strategy where traders buy stocks and hold them for a long time. In this case, the entry into the market takes place the first day of the validation period and the marketing exit is the last day.
The trading systems have been tested in two different markets: NASDAQ100 and EUROSTOXX.
The validation period goes from the 22 nd of December 2012 to the 22 nd of December 2013. These two markets present quite a different behavior during this period. The NASDAQ100 shows a strong bullish behavior in contrast to the EUROSTOXX, which starts moving sideways and then exhibits a bullish behavior. The facto of considering two different markets over a validation period of two years has made possible to test the profitability of our intelligent trading system in different situations.
The first portfolio considers 10 securities of NASDAQ100 market; more precisely, the first 10 secu- The trading systems will be tested using a sliding window of three months. Each trading system will be trained (optimized) with data from the previous year and it will be validated over a period of three months. After this period, the trading system is again re-optimized. The training and validation periods are shown in Table IV . The training period is used to estimate the optimal value of the parameters m, n and s, being m and n the number of sessions of the short and long moving average of the MyMACD indicator, respectively; the For the validation period an initial capital of $6,000 for each stock is assumed to be available. The net profit during the validation period is shown in Table V (NASDAQ100) and Table VI (EUROSTOXX). The value of each cell means the net profit in dollars (in red meaning a loss). Tables VII, VIII , IX, X, XI and XII show details of the operations for the three approaches (Fuzzy IC, Classical and Fuzzy I) for both, the NASDAQ100 and the EUROSTOXX cases.
In terms of net profit, the Fuzzy IC system is superior to Fuzzy I and Classical. In fact, in the NASDAQ100 market, the classical approach has losses in 5 of the 10 cases; the fuzzy system has losses in 4 cases, while there are no losses reported in the Fuzzy IC approach. In the EUROSTOXX market, again the net profit is higher for the Fuzzy IC strategy in comparison to the Fuzzy I and Classical approaches. In this case, the Fuzzy I has the minimum number of stocks with losses (two cases in comparison to the three cases obtained with the Fuzzy IC system). Nevertheless, the Fuzzy IC average profit is greater. The fuzzy approaches perform more trading operations than the classic. It is important to remark that each fuzzy systems has been optimized independently, thus the number of trades are different. In general, the fuzzy IC obtains more positive than negative trades and therefore, the average profit over average loss ratio is usually greater than 1. This means higher trading operations. These are quite desirable properties for a trading system. However, the maximum drawdown (DD) in each stock is also quite high. The drawdown measures the maximum decrease (in percent) that occurs in the curve of capital during the period considered. Indeed the DD is higher than in its classic counterpart, which might be due to the fact that the classic trading system performs fewer trades. But this disadvantage of the fuzzy IC trading system regarding the DD of particular stocks is not serious, as it can be greatly alleviated if we consider the cumulative performance of stocks set. This might not be the case only if the negative trades tend to occur during the same period. As it has been said, we have considered ten NASDAQ100 stocks and nine stocks of EUROSTOXX market, allocating an initial amount of 6,000 monetary units (Euros or dollars, depending on the market) to each stock. The evolution of the capital for the three trading systems in the two portfolios is shown in forms the other trading systems in terms of capital evolution it presents much higher variability and long drawdown periods, features that are not desirable for a trading system. The B&H strategy shows that the NASDAQ100 portfolio exhibited an upwards trend during the validation period ( Figure 3 , red line), while for the EUROSTOXX portfolio it presented a sideways performance during the first year and an upwards trend during the second one ( Figure 4 , red line). The three trading systems implemented obtain profits over the two year period and show a more conservative, i.e., less risky behaviour than the B&H. Results confirm that the Fuzzy IC trading system is superior to the other two. It obtains higher profits (green line, Figures 3   and 4) , around 11.45% for the NASDAQ100 portfolio and 7.62% for the EUROSTOXX market. It can be considered a very good trading system. On the other hand, the Fuzzy I (purple line) behaves only slightly better than the classic approach (black line), suggesting that a significant part of the improvement is due to the combination of both, the fuzzy indicators and the fuzzy management of the capital.
In addition, it is worth noting that the Fuzzy IC trading system presents a smooth and steady upward trend during the whole validation period. This intelligent decision system also behaves well when the B&H strategy loses money, that is, when the market goes down. These properties, namely steady profitability and robustness under different circumstances, are quite desirable.
Although the evidence of these experiments may be limited, results are encouraging and suggest that the use of fuzzy logic in trading systems for both the definition of indicators and rules, and capital management should be paid more attention. 
CONCLUSIONS
Because of its ability to deal with uncertainty and vagueness, fuzzy logic is a suitable tool for trading systems. In this paper a trading system with fuzzy indicators (including a new one proposed by the authors), fuzzy trade rules and fuzzy capital management is proposed. Additionally, the trading systems developed in this work not only give advice on when to enter or exit the market, but also on how much to invest. This is remarkable since not many articles in the literature deal with capital management from a fuzzy perspective. The works 27, 35 are interesting and recent exceptions to this fact.
The trading system has been validated over a period of two years in two different portfolios, for different countries and different sectors. Overall, the proposed trading system performs quite well showing a steady upwards trend and obtaining a substantial profit. Evidence suggests that the use of fuzzy capital management is promising and deserves further exploration. In this regard, future work will be to further testing of the system properties of the proposed trading system. The experimental setup will be expanded to include other time periods and more realistic portfolios with uncorrelated assets that belong to different sectors. We believe that fuzzy logic is a useful trading tool because it allows the operator to better control decisions on the trading system. In this line, another extension of the present work would be the fuzzification of other classic trading strategies following the ideas in this paper. Thus, it would be possible to validate the appropriateness of the ideas presented here.
Finally, another possible extension of the present work would be the use of fuzzy logic in risk control.
For example, to determine the exit conditions with the help of fuzzy logic. This could help to reduce the drawdown observed on the trading of individual assets.
